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The laminar stream of incompressible fluid flowing over the surface of a
semi-infinite right circular cone at moderate Reynolds numbers is investigat-
ed. An asymptotic expansion which takes into account the interaction between
the boundary layer and the outer flow is derived. The interaction results
in the appearance of a transverse velocity component in the outer inviscid re-
gion,

The boundary layer theory does not allow for the derivation of an explicit definit-
ion of second order effects in streams, viz. that of the boundary layer and of surf-
ace geometry [1]. These effects were taken into account in [2, 3] in the case of pla-
ne streams,

The limit case is represented by the propagation of a fan-shaped stream over a
plane wall; a self-similar solution of this problem appeared in {4]. Comparison of
that solution with experimental data in [5] shows that in the outer region of the bound-
ary layer the former exceeds the latter by some 20%.

The effect of boundary layer displacement and of the cone apex angle on the flow
and heat exchange for an axisymmetric laminar stream flowing over a right circular
cone is established here using the method of joining asymptotic expansions.

1, Statement of the problem and basic equations,
We consider the problem of propagation of an axisymmetric laminar stream of viscous
incompressible fluid over the heated surface of a semi-infinite right circular cone
with apex half-angle @) The stream flows from an infinitely narrow ring source
at the cone nose into the space filled with fluid of the same properties as those of the
stream. The surface temperature T, is constant and different from the fluid temp-
erature T, away from the cone, We locate the coordinate origin at the stream sour-
ce, with the z -axis directed along the cone generatrix and the ¥ -axis normal to
it. We use dimensionlest equations with the characteristic dimension L taken as the
unit of length, projections of velocity on the =z~ and y-axes are normalized with
respect to velocity [J at the cross section at the longitudinal coordinate L, and
the excess pressure and temperature are normalized with respect to pU? (p is the
density of the stream fluid) and 7', — T , respectively. Equations and boundary
conditions for dimensionless velocity projections u and v, pressure p and temperat-
ure © in the absence of viscous dissipation and inner heat release are of the form

(1]
ul, + vty = — px + R {20, + 2% 70, + w7 [0 (v + uy)ly} (LD
uvx + vy = — py + R {7 [ (02 + uy))x + 27 (x0y)y}
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w8, + v8, = Prin [(18,), + (x8,),]
(un)x + (Vx)y =0, x=x+yctga,

u

v=00=1y=0,z>0 (1.2

Y= \undy<loo, 6=0, y=0, zL0

L

u->0,v+0,p—>0,08—>0,r>o0, a0
r=VyYaz*+y, a=arctg(y/z)

With R — o0 problem (1,1), (1.2) in the terminology of [6] is a problem of
singular perturbations, Weuse & == R-': as the perturbations parameter.

In conformity with the method of joining asymptotic expansions the flow region is
divided into two: the inner (boundary layer region) and the outer regions. .For investig-
ating the behavior of solutions in the boundary layer we introduce in the nonuniformity
region the transverse coordinate of order unity

y=7Ye (1.8)

In the boundary layer the solution is of the form of asymptotic expansions  with
R — oocand fixed £ and Y

u=uy(z,Y)+euy (z7Y)+.. (L4
=gy, (z,Y) + e (2,Y) + ...

P =Dy (.’L‘, Y) + L (JJ, Y) +

0 =86,(zY)ed, (z,Y) + ...

Outside the boundary layer the solution is of the form
. .5
v=Us @) +eli@y+.on v=Vo@mn+ 7
eVi(z,y) + ...
p=Po(z,y)+eP1(:c,y)+..., 8=0
The rule of passing to limit determines the applicability region of each of expans-
ions (1,4) and (1.5).

2. The zero approximation, On the assumption of a vortex-free
outer flow for the stream function @, of the outer flow zero approximation form(1. 5)
and (1, 1) we have

E2®o == O (2. 1)
E*= 0%/ 02 —x710/ 0z + 8%/ 0y® — -1 ctg aed / Oy

Since the boundary conditions are zero, we have without loss of generality
@, (z,y) =0 (2.2

The joining procedure determines boundary conditions at the outer boundary of the
boundary layer

Yoy (x, ) =0 (2.3)
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The substitution of (1.4) into (1. 1) yields a system of equations that defines the
boundary layer zero approximation

YorPoxy — PoxPory — T Wy = 1Poyyy (2.4)
¢0Y®0x - \pOxeoY = Prnl.z@oyy
Up = T oy, Vo= — ™oy

which admits the self-similar solution [1] of the form
Yo (@, Y) = 42" F (v), 8, (z, ¥) = H (n) (2.5)
n = BY .’C_'/‘, A =3, B =3
For the determination of F (1) and H (n) we have
4F™ 4 FF" + 2F" =0, 4H" + PrFH =0 (2.6)

F(0)=F'(0)=F' ()= H(0) =0, HO) =1, | F'Fdn=1

At the outer boundary of the boundary layer
F (M) ~F (o) +exp, N> (2.7

where exp denotes terms that are exponentially small when 1 - oo,

Using the principle of minimal singularity [8] and the integral invariant E, [4]
we can express the velocity scale and the Reynolds number in terms of the stream initi-
al characteristics as

U= (E,/ vL¥', R = (Eq/v3L)"- (2.8)

3, The first approximation, Forthe first approximation of the
outer flow stream function (@, we have

Egd)l = 0 (3. 1)
Using (2. 7) we determine boundary conditions by the joining procedure

®, (z, 0) = AF (00) 2, z > 0; O, (z,0) < 00, <0 (3.9
Dy >0, Dy >0, r> o0, a0
The solution of problem (3. 1), (3.2) is of the form
sin (@ + a,) Pt [—cos(@+ o)l (3. 3)

@y (r, @) = AF (o)1
yiT

1 .
f=-——§—+l'—4'—

sin a, P (— cosay)

where P! (—cos o) are generalized spherical functions of the second kind [7].

The outer boundary conditions for the first approximation of the boundary layer is
determined using the joining procedure. Equations and boundary conditions for the
inner region are of the form

Yirry + T WoxPrvy — T 00 P1ar — L WoayPry + (3.9
25"y Py v + T MPoryPrx = 048 G0 (Y2 5y — Y2 Woyyy +
T WPoxPoy + 2 Movy)
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’Poyelx - 1p0x61Y — zPr ‘lelYY = wlxeolf - lPlYer +
zetg ag Pro1 (Yz '8,y y -+ 27160,y)

Pr=Pr=6,=0, Y =0

P2 (— cos ag)

P,y — — AF (o0) 2~ 8;—0, Y—=o0

Problem (3. 4) admits the self-similar solution

P.2(—cos a)
P aray [ () + etg @G (n) (8.9

P2 (— cosay)
P l(—cosay)

P1(2,Y) = AF (o0)z

81 (2, Y) = AF (oc) 2/ h(n) + ' ctg aog (1)

System (3. 4) reduces to a system of ordinary differential equations which is then
used for determining functions f, G, h, and &. Functions f (1) and A (n) repres-

ent the effect of boundary layer displacement, while G (1) and g (v)) define the effect
of the cone surface geometry.

[ 7
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5 1 10 0 5 1 10
Fig.1

Owiag to the homogeneity of equations and boundary conditions the zero and first
approximations for excess pressure in expansions (1.4) and (1, 5) are identically zero.

4, Discussion and comparison with experimental
data, Formulas for the longitudinal and transverse velocity and temperature compon-
ents are of the form

uk . P2 (~ cosa,) , t (4.1)
AB(EO/VJ:*)’/"' = F'3 E[ FoL(— cns 0g) f +ctgay (70 —B ¥ )]
vk

I — o o ’ B2 K
A e =~ OF =)~ {etg | auF — v+

A P2 (— cosay) )
-5 (G— T“;G’)_] T4 P “eosay U — nf’)}

P2 (— cos a,) 3k, 1/
T 0 VX 4
=Y. L AF (00) — e, = | ——
6=H r&{ctga\qg - AF( )PTI(——cosa‘,) :" (E,,)

The transverse velocity component induced in the outer flow by the boundary lay~-
er displacement action is defined by
v¥ . 4F (o0)
1, A(Egv/z#s)'s ~ sine, + B~1En cos @y

1+ (4.2)
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e,y 3/,
B2y

sin {a@ ~ o) { 3 Pi[—ocos (e + ay)l
sina, 4 P (~c030y)
P2 [—cos{a — ay)] }
Pt (—cosay)

B-igy

Numerical computations of the derived system of ordinary differential equations
were carried out using the method of reducing the boundary value problem to that of
Cauchy [8], and tables [3] were used for determining the relations of spherical functi-
ons, Profiles of dimensionless longitudinal velocities & = u*[3E, / vz*3)]~"/+ are shown
in Fig.1,a for several apex half-angles of the cone and fixed parameter §. It is
seen that with increasing angle @, curve gradients increase, and the maximum vel-
ocity increases and shifts toward the wall. Curve 1 conforms to the boundary layer
theory; curves 2, 3, and 4 comespond to % equal /2, n/3,and x/4, respect-
ively.
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Profiles of dimensionless longitudinal velocities are shown in Fig, 1,b for several
values of parameter & in the case of a fan-shaped stream (@, = =/ 2). The reduction
of the maximum velocity and its recession from the wall with increasing parameter §
(i.e. with increasing distance from the cone nose with fixed other parameters) can be
observed, Curve 1 conforms to the self-similar solution while curves 2 and 3 are
for §=0.005 and 0.01,  respectively.

The universal velocity profile calculated by the describeg here theory and by that
of the boundary layer are shown in Fig.2 by curves 1 and 2 , respectively. The
velocity scale is based on the maximum velocity in a given cross section, while that
of the transverse coordinate is based on the ordinate at which velocity is equal to half
of the maximal velocity, Experimental data obtained with 2 spreading fan-shaped
laminar stream [5] are also shown there (small circles for R, . = 0.58-40%, and dots for

R,=6.3-100 and R,.= U,z*/v ). A cloter agreement between the proposed
theory and experimental data is for 7/ %, > 1.1.
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Profiles of dimensionless transverse
1.0 velocity components 7 = &*[{(Ev /(3
8 2]~ appear in Fig, 3 as functions of
y parameter ¢ (curves 1 and 2 corres-
(2 pond to £ equal 0,01 and 0.005, respe-
Pri ctively) for @, = =n/2. With increas-
ing § absolute values of velocity in the
0.5 \ inner region increase, while in the outer

region they decrease owing to interaction
with the wall and surrounding fluid,
Profiles of dimensionless temperature
at Prandtl number Pr = 0.7 and sever~
al apex half-angles of the cone with fix-
J/ 5 7 10 ed E are plotted in Fig, 4. Heattrans-
. fer from the cone surface becomes more
Fig. 4 intensive with increasing angle  z,
(curves 1 and 2 correspond to o, eg-
ual n/ 4and =n/2, respectively; curve 3 conforms tothe boundary layer theory).
The analysis of longitudinal stream flow over a circular cone shows that displace-
ment of the boundary layer contributes to the decrease of friction stress at the wall
and of heat transfer from the cone surface, while the effect of the cone apex hali-angle
is ppposite., The formula for friction stress at the cone surface, with higher approx-
imations taken into account, is of the form

Tw 22 { 08 2,206 Tt 08 %) ]
AB% [EP [ (vozu]'/s =022+ L0408 etg oo 2. P2 {(— cos a) j

The authors thank N, I, Akatnov for his assistance in formulating the problem and
discussion of resuls.
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